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Abstract— We summarize the definition and the known properties
of the modified partial inductances of parallel conductors. We show
how modified partial inductances can be used to compute the dc per-
unit-length (p.u.l.) inductance matrix of a multiconductor stripline
interconnection. We then provide accurate asymptotic expansions for
the dc p.u.l. inductance matrix of multiconductor microstrip or
stripline structures, as the ground plane’s breadth becomes large.

I. INTRODUCTION

This paper is about the dc per-unit-length (p.u.l.) inductance
matrix, denoted by L'y, of a multiconductor interconnection
having a specified cross-section comprising n transmission
conductors (TCs) and a reference conductor (GC), such as the
structures shown in Fig. 1 and Fig. 2.

In a recent paper, the modified partial inductances of parallel
conductors have been introduced [1]. Exact analytical expressions
for computing modified partial inductances were provided for the
case where the cross-section of each conductor is a rectangle
having an horizontal side. These formulas were used to directly
compute L', exactly, in the case where the cross-section of each
TC and of the GC is a rectangle having an horizontal side. We
note that this case covers the multiconductor microstrip structure
of Fig. 1, but not the multiconductor stripline structure of Fig. 2.
The paper [1] also investigated, for a simple multiconductor
microstrip, the influence of the breadth of the ground plane,
denoted by b. It was shown that all entries of L', become large
and are equivalent to (u, /(2n)) In b as b — .

Section II summarizes the definition and the known properties
of modified partial inductances. Section III shows how they can be
used to compute L', in the case of a structure having a GC made
of a single rectangular conductor. The new results of this paper
are presented in the following sections. Section I'V uses modified
partial inductances to compute L’y in the case of a structure
having a GC made of a two rectangular conductor, such as a
multiconductor stripline. Section V provides asymptotic
expansions of L'y as b ~ o, accurate to O(1/b”), in the case of
multiconductor microstrip and stripline interconnections.

II.  MODIFIED PARTIAL INDUCTANCES

In this paper, we assume everywhere a permeability equal to the
permeability of vacuum, denoted by . This Section is a summary
of § Il to § IV of [1], in which detailed proofs and adequate
references can be found.
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Fig. 1. Cross-section of a multiconductor microstrip interconnection
comprising n = 4 transmission conductors (TCs), identified as TC1
to TC4, and a reference or ground conductor (GC).
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Fig. 2. Cross-section of a multiconductor stripline interconnection.

We consider the dc inductance matrix, denoted by Ly, of a
circuit comprising n independent loops, made of straight segments
which may be regarded as branches of the circuit. Each of said
loop comprises: one long branch extending fromz=0toz= L for
the TC; another long branch extending from z = 0 to z= £ for the
GC; and two short branches, respectively at z= 0 and atz = £. The
traditional technique for the computation of L~ uses the concept
of partial inductance applied to the straight segments.

When we compute L, we find that, if £ is much larger than
the transverse dimensions of the loops, L is nearly proportional
to L. Thus, L'y~ may be defined as

L = fim =2 0
because this limit exists and is nonzero.

Analytical expressions providing exact partial self-inductances



and partial mutual inductances are available for the case where the
cross-section of each conductor is a rectangle having an horizontal
side [2]. They can be used to obtain exact formula for computing
Lpc. Unfortunately, these formula become numerically unstable
when L is large. Consequently, it is not possible to directly use (1)
to accurately compute L'y .

To avoid this problem, the modified partial inductances of
parallel conductors were defined. The modified partial inductance
of the parallel conductors « and 8 extending fromz=0to z = L,
denoted by m', g, is

12 maﬁ :LLO 2L
(K

where L is an arbitrary length and m,, 5 18 the partial inductance
between the conductors o and . We note that this limit exists and
is nonzero.

A loop a among the n independent loops involved in the
definition of L', contains two branches extending from z = 0 to
z = L, the branches of the subset N’,. For a branchp € N, let us
define ¢, (p) by: ¢, (p) = 1 if the branch p and the loop a have the
same reference direction, &, (p) = -1 otherwise. An entry L' p¢, 4

of L'y is given by
=2 2elp
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Since (3) contains an equal number of terms with ¢, (p) = 1 and
with g, (p) = -1, the result of (3) is independent of £ , used in (2).
Let W, > 0 be the width and 7, > 0 be the thickness of the
conductor a, which has a uniform rectangular cross-section. The
modified partial self-inductance of this conductor is

my, = (T, W,) 4)
where
f'(x,y):f'(y,x):
Hof ppX ty” 4 “tan" 2+ L tan™!
4r L} y X x % )
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For a square cross-section of side S, , we get
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which should be used in the place of the equation (23) of [1],
which contains an incorrect constant.
The axis of the conductor a, along which the current flows, is

B -C1q . C2
| T
t1 Ej ‘ TC2 ‘ to
h1 | ' ho
a | o ! |
Wy ! Wo
b/2 ‘ b/2

A

¢t >

Fig 3. The generic multiconductor microstrip configuration
considered in Section IlI.

parallel to the z axis. The reference direction is the direction of
increasing z. The cross section of the conductor a extends fromx =
x,tox= x,+ 7T, and fromy =y, toy = y,+ W, . For this
conductor, we define the two vectors

X Yo
X, = and Y, = @)
X, 1, Yo t W,

The modified partial inductance between two such parallel
conductors, the cross section of each of which is a rectangle
having an horizontal side, is given by

My 5 =
e I+J+L+M 2 2,
ZZZ 2(_1) (Xal _XﬂL) (KX/ _YﬂM) My J.1.m
I=1 J=1 L=1 M=]
AT, T, W, W,
(8)
where
, _ 0 if (K?‘J_YﬂM)(XW_XﬂL):O
myyom=Y , ©)
E(Y;J—Y a,—XﬂL‘)else

The modified partial mutual inductance formula (8) comprises
16 terms containing ¢’ (x, y) defined by (5). In the case a =, only
4 terms are nonzero and the nonzero terms are equal, so that (8)
and (9) give the same result as (5).

III.  COMPUTATION OF DC P.U.L. INDUCTANCE MATRIX —
CASE OF A SINGLE GROUND PLANE

Since there is no interaction between the dc current distribution
in the conductors, the generic configuration shown in Fig. 3 can be
used to compute the entries of any dc p.u.l. inductance matrix
having a GC made of a single rectangular conductor. In Fig. 3, we
note that iy, t;, w, by, &, ¢, W,, a and b are positive and c; is
negative. We have to determine (7) for 3 different conductors. We
use, for a € {1, 2},
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Fig. 4. The generic multiconductor stripline configuration
considered in Section IV.
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X;= 0 Y, = b (11)
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For this problem, L'y is exactly given by
L;Caa = m;a +m3,3 —27’}’1;3 (12)
and

Liciy = Lipeyy = miy —myjy —mys +mj, (13)

The results of (12) and (13) are independent of £, used in (5).
These formula have for instance been applied to the multi-
conductor microstrip interconnection shown in Fig. 1, in the case
t=h=a=w,=w,=d,=d,=50 um, to obtain the Fig. 3 of [3].

IV.  COMPUTATION OF DC P.U.L. INDUCTANCE MATRIX —
CASE OF TWO GROUND PLANES

If the GC is made of two conductors of rectangular cross
section, each of them may be regarded as a separate branch, of
respective dc p.u.l. resistance R’ | and R'Ge ,. A current [
injected in the GC splits into a current /5 | in the first of these
conductors and a current /., in the second, /5 and /¢, being
given by

’
_ Reer
’ ’
RGC 1 + RGCZ
’ (14)

GC1
’ ’
RGCI + RGC2

Iy =k with k=

I, =k, with k=

We can then follow the reasoning used in [2, § 4], to obtain
L'y c. In the special case of two identical ground planes, we have
ky=ky=0.5.

The generic configuration shown in Fig. 4 can be used to
compute the entries of any dc p.u.l. inductance matrix having a GC
made of two superimposed and identical rectangular conductors.
InFig. 4, hy,t;,w, hy, t,,cy, Wy, ay,a,, b and H are positive
and c; is negative. We have to determine (7) for 4 different
conductors. We use (10) for o € {1, 2}, and
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Fig. 5. For the multiconductor stripline interconnection, the dc p.u.l.
self-inductances (2 curves A), the diagonal entries of L ; (2 curves
B), the dc p.u.l. mutual inductances (4 curves C) and the non-
diagonal entries of L, (4 curves D) as a function of b.
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For this problem, L'y is exactly given by
’ , , , My, +my, +2m3,
LDC(Z(Z :m(x(x—ma3_ma4 4 (16)
and
’ ’ ml,3 +m£3 +m1,4 +m£4 m3’3 +m4:4 +2m3’4
Lpc, =my, = 17
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The results of (16) and (17) are independent of £ , used in (5).
The Fig. 5 shows the entries of L'y and of the high-frequency
p.u.l. external inductance matrix, denoted by L', computed as a
function of b, for the multiconductor stripline interconnection of
Fig. 2,inthe case t=h=a =w, =w, =d; = d, = 50 um. The
entries of L', were obtained using (10) and (15) to (17). The
entries of L', were computed by the method of moment using
pulse expansion and 1400 matching points. Among the differences
between L'~ and L', we note that: negative nondiagonal entries
exist in L'p-butnotin L'(; and, for b > 2(w, +d, + w,) + d, + 2h
=450 um, L' is close to a limit obtained for an infinite ground
plane, whereas such a limit does not exist for L'y .

V. ASYMPTOTIC EXPANSIONS FOR A BROAD GROUND PLANE

We now want to explore the behavior of L'y as b — o, using
accurate asymptotic expansions. We omit the corresponding
derivations. For the generic multiconductor microstrip
configuration of Fig. 3, a € {1,2} and § € {1, 2}, we obtain:
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L 6a’b H+a b ] Modified partial inductances can be used to compute L'y of a
muticonductor microstrip or stripline interconnection. We have
where computed accurate asymptotic expansions for large values of b.
We observe that, unlike L', L'y is only defined for a finite b,
U=rx 2a+3H because all entries of L'y are equivalent to (x4, /(2m)) In b as
3 b — . This is a consequence of the dc current distribution in the
T5H? +150aH + 4a> (21)  GC, which is such that the average distance between the current
V,s=
¢ 36

[ 6(H=h,~1,) +6h}+6(a+1,)(H-1,)
3\ +6at, +4t2 —w? —12¢?

1 6(H—hy—t,) +612 +6(a+1,)(H—1,)
3\ +6at, +4t; - w; —12¢;

According to (18) and (20), all entries of L'y~ become large and
are equivalent to (¢ /(2n)) In b as b = . This corresponds to an
oblique asymptote in a semi-log plot, presenting a slope of about
461nH per decade of b. The curves A and C of Fig. 6 show the
entries of L'y, computed as a function of b, for the multi-
conductor stripline interconnection considered in Section IV. The

curves B and D of Fig. 6 show the approximate values given by
(20) and (21). The agreement is good for b > 0.6 mm.

lines in a TC and in the GC increases when b increases. Also,

unlike L', , L'y~ may have negative non-diagonal entries, in a
range of values of b.

The results of this paper will be used to derive an approximate
analytic model for the low-frequency p.u.l. inductance matrix,
intended to allow a discussion of the underlying physics.
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