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ABSTRACT We remind the definitions of 22 parameters of a multiport antenna array operating in a

specified direction: 4 excitation-dependent parameters for emission, 10 excitation-independent parameters
for emission, and 8 parameters for reception. We concisely set forth their main properties. As examples,
we compute and discuss these parameters in the cases of two simple 6-port antenna arrays made of parallel
dipole antennas. We investigate the effect of a change of variable describing the excitation during emission.
This allows us to find an “invariance under a change of excitation variable”, and to compare some of the
parameters with the ones used by other authors. We study passive linear embeddings of the MAA ports, to
reveal an “invariance under an invertible lossless linear embedding”.

INDEX TERMS Antenna array, partial absolute gain, absolute gain, partial reached gain, reached gain,

partial absolute effective area, absolute effective area, partial reached effective area, reached effective area,
mean absolute equivalent area, mean reached equivalent area, MIMO, reciprocity, antenna theory.

I. INTRODUCTION

The selection of real parameters to characterize, specify or
optimize a multiport antenna array (MAA) is of consider-
able practical importance. Indeed, inappropriate parameters
will inevitably lead to design and manufacture a suboptimal
MAA. This article is about the properties of some recently
introduced real MAA parameters.

For emission at a large distance in free space, an MAA
may be completely characterized using: a complex matrix
such as the scattering matrix or the impedance matrix; and
complex vectors often called “embedded element patterns”,
which depend on a direction in which emission is considered
and may be defined in several different ways [1]. In practice,
an MAA is often characterized with the absolute values of
the entries of its scattering matrix and the absolute values
of the entries of a particular choice of embedded element
patterns. These real parameters are relevant to the behavior
of the MAA used for emission when only one of its ports is
excited. However, they do not provide enough information
to find out how the MAA radiates in a given direction when
several of its ports are excited simultaneously, and they do not
allow the behavior of the MAA during reception of a signal
incident from this direction to be determined.
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To overcome these limitations and better characterize
emission and reception of time-harmonic signals by a linear
time-invariant (LTT) MAA, [2] defines new parameters that
encompass the classic partial gain, absolute gain, effective
area and partial effective area for a single-port antenna [3]-
[4]. The definitions of the new parameters are based on the-
oretical results on the unnamed power gains and transducer
power gains in multiport circuits, established in [5]-[6].

More precisely, [2] studies emission by the MAA coupled
to an arbitrary multiport generator, and reception by the
MAA coupled to an arbitrary multiport load. In a specified
direction, [2] defines 22 parameters listed in Table 1 to
Table 3, which are nonnegative real numbers, the emission
parameters being dimensionless gains taking into account
simultaneous excitations of all MAA ports, and the reception
parameters being effective areas and equivalent areas taking
into account the signals delivered by all MAA ports.

In each direction, the 4 gains listed in Table 1 depend on
a vector defining the excitation. It is therefore not easy to
directly use these gains to compare two MAAs. In contrast,
the 10 gains listed in Table 2 are excitation-independent, so
that they can be directly used to compare the radiation of two
MAA: in a specified direction.
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TABLE 1. Excitation-dependent parameters for emission.

Designation Symbol
partial absolute gain Gpa(upor)
absolute gain Ga
partial reached gain Gpr(upor)
reached gain Gy

TABLE 2. Excitation-independent parameters for emission.

Designation Symbol

maximum partial absolute gain Gpamax (Upor)

mean partial absolute gain GpaMEA (Upol)

maximum absolute gain GamMAx
mean absolute gain GaMEA
minimum absolute gain GaMIN

maximum partial reached gain GprMax (Upol)

mean partial reached gain GprMEA (Upol)

maximum reached gain G MAX
mean reached gain G MEA
minimum reached gain Gy MIN
TABLE 3. Reception parameters.

Designation Symbol
partial absolute effective area Apa(upor)
absolute effective area Aa
mean absolute equivalent area Apeq MEA
minimum absolute equivalent area Ageq MIN
partial reached effective area Apr(upot)
reached effective area Ay
mean reached equivalent area Areq MEA
minimum reached equivalent area Areq MIN

It is shown in [2] that relationships exist between some
of the excitation-independent gains of Table 2 and some
of the effective areas and equivalent areas of Table 3, if
the MAA is reciprocal. It is also shown in [2] that some
parameters of Table 2 and Table 3 can be used in transmission
formulas applicable to a radio link between two MAAs. Said
relationships and transmission formulas prove the relevance
of the new parameters to antenna theory.

This article is meant to show and explain how said 22
parameters of an MAA operating in a specified direction can
be used, and to provide some new results. It is organized as
follows. Sections II to III are used to remind the definitions of
the parameters for emission (gains) and reception (effective
areas and equivalent areas). The main properties of the 22
parameters are concisely set forth in Section I'V. We compute
and discuss these parameters in the cases of two simple 6-
port antenna arrays, in Section V. The effect of a change
in the variable describing the excitation during emission is
examined in Section VI. This allows us to find an “invariance
under a change of excitation variable”, and to compare some
of the parameters with the ones used by other authors. In
Section VII, we study passive linear embeddings of the MAA
ports, to reveal an “invariance under an invertible lossless
linear embedding”, which clarifies the possible effects of an
ideal decoupling and matching network.

Il. ASSUMPTIONS AND NOTATIONS

Let M be a complex matrix. rank M is the rank of M, MT
the transpose of M, and M* the hermitian adjoint of M. If Ml
is square, tr M is the trace of M and H (M) is the hermitian
part of M given by H (M) = (M + M*)/2. We use M to
denote the complex conjugate of a complex matrix M, so that
M* = MT. We use E to denote the Euclidean vector space
of dimension 3 associated with physical space. In physical
space, we choose a right-handed rectangular cartesian coor-
dinate system (x,y, z) having its origin close to the MAA.
A right-handed orthonormal basis B = (uy, ug, uz) of E is
chosen, and, in what follows, the coordinates of a vector are
the coordinates in this basis.

The MAA under study lies in an isotropic, homogeneous
and lossless medium. It has N ports numbered from 1 to N. It
operates in the harmonic steady state, at a wavelength A cor-
responding to a wave number £ and an intrinsic impedance 7,
in said medium. The MAA is LTT and passive, but it need not
be reciprocal. It has an impedance matrix, denoted by Z 4, of
size N by N and such that H(Z ) is positive definite.

If the MAA is used for emission, an LTI multiport gener-
ator having N ports, called MGA, is coupled to the MAA.
The ports of the MGA are numbered from 1 to N, and, for
any integer p € {1,..., N}, port p of the MGA is connected
to port p of the MAA (positive terminal to positive terminal
and negative terminal to negative terminal). We assume that
the MGA has an internal impedance matrix Zg such that
H(Zc¢) is positive definite, or equivalently that the MGA
has an internal admittance matrix Y such that H(Yg) is
positive definite [7, Sec. IV]. It follows from our assumptions
and the explanations provided in [7, Sec. IV-V] that: Z¢ and
Z\ + Z¢ are invertible; and the column vector of the rms
currents flowing into ports 1 to N of the MAA, denoted by
I, can take on any value lying in CV.

As regards emission, the MAA may be characterized using
the matrix ha discussed in [2, Sec. III.B], whose columns
are the coordinates of the vector effective lengths defined for
emission and single-port excitation, the unused ports being
left open-circuited. This 3 by N matrix corresponds to a
possible set of embedded element patterns [1].

If the MAA is used for reception, an LTI multiport load
having NN ports, called MLA, is coupled to the MAA. The
ports of the MLA are numbered from 1 to IV, and, for any
integer p € {1,..., N}, port p of the MLA is connected
to port p of the MAA (positive terminal to positive terminal
and negative terminal to negative terminal). We assume that
the MLA has an impedance matrix Zj, such that H(Zp,)
is positive semidefinite since, if H(Z;,) was not positive
semidefinite, the load would not be passive.

As regards reception, the MAA may be characterized using
the matrix hg discussed in [2, Sec. III.C], whose columns
are the coordinates of the vector effective lengths defined
for reception using a single port, the unused ports being left
open-circuited. hp is a 3 by /N matrix.

In a given direction, a wave polarization is specified by a
polarization vector up.1, which is a dimensionless complex
unit vector explained and discussed in Appendix A.
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lll. DEFINITIONS

A. DEFINITIONS ON THE PARTIAL ABSOLUTE GAIN
The partial absolute gain of the MAA, in a given direction, for
a given wave polarization and a specified nonzero excitation,
is the ratio of a part of the radiation intensity produced by
the MAA in the given direction to the radiation intensity that
would be obtained if the average power received by the N
ports of the MAA were radiated equally in all directions,
said part corresponding to the given wave polarization [2,
Sec. IV]. For a polarization vector u, and the specified
nonzero excitation, the partial absolute gain of the MAA in
the given direction is denoted by Gpa(upol).

The excitation-independent parameters corresponding to

Gpa(upol) in the given direction are defined as follows:

o the set of the values of Gpa(upe), obtained for
all nonzero I, has a greatest element referred to
as “maximum partial absolute gain” and denoted by
Gpa MAX (upol);

o the quantity Gpa MEA(upol) = Gpa MAx(upol)/N is
referred to as “mean partial absolute gain” because it is
a mean value of Gpa(up1) over a number N of linearly
independent I .

B. DEFINITIONS ON THE ABSOLUTE GAIN
The absolute gain of the MAA, in a given direction, for
a specified nonzero excitation, is the ratio of the radiation
intensity produced by the MAA in the given direction to
the radiation intensity that would be obtained if the average
power received by the N ports of the MAA were radiated
equally in all directions [2, Sec. V]. The absolute gain of
the MAA in the given direction for the specified nonzero
excitation is denoted by G .

The excitation-independent parameters corresponding to
(G, in the given direction are defined as follows:

o the set of the values of (5, obtained for all nonzero Iz
has a least element referred to as “minimum absolute
gain” and denoted by G, N, and a greatest element
referred to as “maximum absolute gain” and denoted by
Gamax;

o the N by N matrix

_ ™
=z
is positive semidefinite, rank N4 < 2 and the “mean
absolute gain” denoted by G, mEa is defined as

tr (NAH(Zp) ™t
GaMEA = r( A]\gA) )7 2)

Na hihy ey

because this positive real quantity is a mean value of G,
over a number N of linearly independent I4.

C. DEFINITIONS ON THE PARTIAL REACHED GAIN

The partial reached gain of the MAA, in a given direction, for
a given wave polarization and a specified nonzero excitation,
is the ratio of a part of the radiation intensity produced by
the MAA in the given direction to the radiation intensity
that would be obtained if the available power of the MGA
coupled to the N ports of the MAA were radiated equally
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in all directions, said part corresponding to the given wave
polarization [2, Sec. VII]. For a polarization vector uy,, and
the specified nonzero excitation, the partial reached gain of
the MAA in the given direction is denoted by G, (upol).
The excitation-independent parameters corresponding to
Gpr(upol) in the given direction are defined as follows:

o the set of the values of Gp(upe), obtained for
all nonzero I, has a greatest element referred to
as “maximum partial reached gain” and denoted by
GprMAX(upol);

o the quantity GprMEA(upol) = GprMAx(upol)/N is
referred to as “mean partial reached gain” because it is
a mean value of G}, (up01) over a number N of linearly
independent I 4.

D. DEFINITIONS ON THE REACHED GAIN
The reached gain of the MAA, in a given direction, for
a specified nonzero excitation, is the ratio of the radiation
intensity produced by the MAA in the given direction to the
radiation intensity that would be obtained if the available
power of the MGA coupled to the N ports of the MAA
were radiated equally in all directions [2, Sec. VIII]. For the
specified nonzero excitation, the reached gain of the MAA in
the given direction is denoted by G,.

The excitation-independent parameters corresponding to
G, in the given direction are defined as follows:

o the set of the values of GG, obtained for all nonzero I
has a least element referred to as “minimum reached
gain” and denoted by G N, and a greatest element
referred to as “maximum reached gain” and denoted by

GrMaX;
o the N by /N impedance matrix
H(Ze)™!
4

is positive definite, and the “mean reached gain” de-
noted by G, mga is defined as

tr (NaZiv)

N )
because this positive real quantity is a mean value of G,
over a number NV of linearly independent I .

Zave = (Za + Zg) (Za+Zc) 3

“

GrMEA =

E. ABSOLUTE RECEPTION PARAMETERS

The partial absolute effective area of the MAA, in a given
direction, for a given wave polarization, is the ratio of the
available power at the IV ports of the MAA used for reception
to the power flux density of a uniform plane wave of the given
polarization incident on the MAA from the given direction [2,
Sec. IV]. The partial absolute effective area of the MAA in
the given direction for a polarization vector uy,, is denoted
by Apa(upor).

The absolute effective area of the MAA, in a given direc-
tion, is the ratio of the available power at the N ports of
the MAA used for reception to the power flux density of a
uniform plane wave incident on the MAA from the given
direction, the polarization of the uniform plane wave being
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such that it maximizes this available power [2, Sec. V]. The
absolute effective area of the MAA in the given direction is
denoted by A,. In a given direction, A, is equal to Ap,(upo1)
for a special value of up.

The minimum absolute equivalent area of the MAA, in a
given direction, is the ratio of the available power at the N
ports of the MAA used for reception to the power flux density
of a uniform plane wave incident on the MAA from the
given direction, the polarization of the uniform plane wave
being such that it minimizes this available power [2, Sec. VI].
The minimum absolute equivalent area of the MAA in the
given direction is denoted by A,cqmin. In a given direction,
AqeqMin 18 equal to Ap,(uper) for a special value of upor.

In a given direction, Ayeqmea = (Aa + AaeqMin)/2 is
referred to as “mean absolute equivalent area” because it is
a mean value of Ap,(upe1) over two orthogonal polarization
vectors.

F. REACHED RECEPTION PARAMETERS

The partial reached effective area of the MAA, in a given
direction, for a given wave polarization, is the ratio of the
average power delivered by the NV ports of the MAA used for
reception to the power flux density of a uniform plane wave
of the given polarization incident on the MAA from the given
direction [2, Sec. VII]. The partial reached effective area of
the MAA in the given direction for a polarization vector up
is denoted by Ay, (upor).

The reached effective area of the MAA, in a given direc-
tion, is the ratio of the average power delivered by the NV ports
of the MAA used for reception to the power flux density of
a uniform plane wave incident on the MAA from the given
direction, the polarization of the uniform plane wave being
such that it maximizes this average power [2, Sec. VIII]. The
reached effective area of the MAA in the given direction is
denoted by A,. In a given direction, A, is equal to Ap,(upo1)
for a special value of up,.

The minimum reached equivalent area of the MAA, in a
given direction, is the ratio of the average power delivered by
the N ports of the MAA used for reception to the power flux
density of a uniform plane wave incident on the MAA from
the given direction, the polarization of the uniform plane
wave being such that it minimizes this average power [2,
Sec. IX]. The minimum reached equivalent area of the MAA
in the given direction is denoted by Aycqmin. In a given
direction, A,eqmin is equal to Ap,(upe) for a special value
of up,.

In a given direction, A;oqmea = (Ar + Areqmin)/2 is
referred to as “mean reached equivalent area” because it is
a mean value of A, (upe1) over two orthogonal polarization
vectors.

IV. MAIN PROPERTIES

A. ORIGIN OF THE STATED RESULTS

The results stated without explanation in this Section IV are
directly based on [2, Sec. IV-IX and XI], and also on [8]
for the results involving a “surface-element-ratio probability
density”.

In [2, Sec. III.C], we assumed that Zg = Zp, to avoid
repeating this assumption where it was needed. Above in
Section II, this assumption was not used, so that (13)—(14)
are different from their counterparts in [2].

B. PROPERTIES RELATING TO THE GAINS
We use u,,01 to denote the coordinates of ) in the chosen
orthonormal basis B of E, and we define the N by N matrix
[/ —
Nap(upol) = 2 hAL’-polngolhAv &)

which is positive semidefinite.

Gpa(upe) is a generalized Rayleigh ratio of N ap, (upo1) to
H(Zy,), in the variable I, that is to say: if I # O, then

T} Nap(upor) In

Gpa (Wpor) = T H(Zp)Ia

(6)

The eigenvalues of N o, (upo1) H(Za) ™" are real and non-
negative, and Gpa max (Upor) is the largest of them.

We have Gpamia (Upol) = tr (Nap(upor) H(ZA)"Y)/N
because rank N o, (upo) < 1. Thus, in a given direction,
GpaMEa (Upol) is the expected value of Gpa(uper) if I4 is
random and distributed according to a surface-element-ratio
probability density that only depends on H (Zy ).

G, is a generalized Rayleigh ratio of N to H(Zy ), in the
variable I, that is to say: if I5 # O, then

A H(Za)Ia

The eigenvalues of N H (Z )" are real and nonnegative,
Gamax is the largest of these eigenvalues, and G, N 1S
the least of these eigenvalues. It follows from (2) that, in a
given direction, G, MEa is the expected value of G, if Ty
is random and distributed according to said surface-element-
ratio probability density that only depends on H(Zp ).

Gpr(upo) is a generalized Rayleigh ratio of N o, (upo1) to
Z avG, in the variable 1, that is to say: if I5 # 0, then

T} Nap(upor) In

I} Zavg Ia

Gpr(upol) - (8)

The eigenvalues of N op(upor) ZK&,G are real and nonneg-
ative, and G, max (Upol) is the largest of them.

We have G, mpa (Upot) = tr (Nap(upol) Z;\l,G)/N be-
cause rank Na,(up0) < 1. Thus, in a given direction,
GprMEA (Upol) is the expected value of Gpr(upor) if Ia is
random and distributed according to a surface-element-ratio
probability density that only depends on Zavg.

G| is a generalized Rayleigh ratio of Nz to Z sy, in the
variable I, that is to say: if Ip # 0, then

TN, Iy

G, = .
I} ZavgIa

€))

The eigenvalues of NAZ . are real and nonnegative,
G max is the largest of these eigenvalues, and G,y 1S
the least of these eigenvalues. It follows from (4) that, in a
given direction, G, mga is the expected value of G, if Ip
is random and distributed according to said surface-element-
ratio probability density that only depends on Z sy .

Copyright ©2025 by Excem
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C. ON THE EFFECTIVE AND EQUIVALENT AREAS
To compute A, (upo1), We can use

Apa(upor) = Z upohs H(Za) 'hguper.  (10)

Let

00
P=(1 0]. (11)
0 1

If the chosen basis B = (uy, us, u3) of E is such that u;
is pointing in the direction from which a uniform plane wave
is incident on the MAA, we use Np, to denote the 2 by 2
matrix given by

Np, = 7 PThy H(Zy) Wi P, (12)

which is positive semidefinite. The eigenvalues of Np, are
real and nonnegative, A, is the largest of these eigenvalues,
and A,eqmin is the least of these eigenvalues. We have
Apeqmira = trNp,/2. Moreover, in a given direction,
Ageqmea is the expected value of Ay, (up01) for a random
polarization having a uniform probability density.

To compute A, (uper), We can use

Ap(Upol) = nuiohg Yi  H(ZL)Yarhg upor,  (13)

where Yar, = (Za + Z1) "%

If the chosen basis B = (up,us,u3) is such that u; is
pointing in the direction from which a uniform plane wave
is incident on the MAA, we use Np, to denote the 2 by 2
matrix given by

Ng, =P T hg Yi  H(Z)Yarhg P, (14)

which is positive semidefinite. The eigenvalues of Np, are
real and nonnegative, A, is the largest of these eigenvalues,
and A;eqmin is the least of these eigenvalues. We have
Areqmiea = trNg;/2. Moreover, in a given direction,
AreqMEa is the expected value of A, (up01) for a random
polarization having a uniform probability density.

D. RELATIONSHIPS FOR A RECIPROCAL MAA
If the MAA is reciprocal, then Zp is symmetric, hg = hp
and we can assert that, in a given direction:

)\2
Apa(upol) = EGpaMAX(upoQ ; (15)
/\2
Aa — EGaMAX§ (16)
N2
AjeqgMEA = & GaMEA ; (17)

and
2

(N=2)= (AaeqMIN = MGaMIN) . (18)
If the MAA is reciprocal, Zg = Zt, and Z¢ is symmetric,

then we can assert that, in a given direction:

2

A
Apr(upol) = EGprMAX(upol); (19)
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FIGURE 1. Multiview drawing (not to scale) of the MAAs considered in
Section V. The six identical dipole antennas are labeled “A1” to “A6”.

)\2

Ar = ZGr MAX ; (20)
vy

N2
Areq MEA = TGrMEAE (21

v

and
)\2

(N=2)= (AreqMIN = MGrMIN) . (22)

The formulas (15)—(22) prove the relevance of the defi-
nitions of Section III to the characterization of a MAA for
emission and reception. Moreover, (16) and (20) have been
used in [2, Sec. XIII-XIV] to obtain: new generalizations of
the Friis transmission formula, which are quite different from
the ones proposed in [6, Sec. XIII], [9], [10] and [11]; and
other new transmission formulas.

V. EXAMPLES
A 6-port antenna array configuration, made of six perfectly
conducting vertical center-fed cylindrical dipole antennas
lying in free space, is shown in the not-to-scale drawing of
Fig. 1. The total length of each antenna is £ = 0.94 \/2.
All antennas have the same wire diameter ¢/50. Between
adjacent antennas, the spacing is sy in the x direction and
sy in the y direction.

We consider two MAAs: in the first one, sy = A/4 and
sy = A/2; and in the second one, sx = s, = \/4.
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FIGURE 2. G, Mmax for the MAA in which s, = \/2, as a function of ¢. Curve
“a”is for = 30°0r & = 150°. Curve “b”is for 6 = 45°0r # = 135°. Curve “c”
is for & = 60°0r & = 120°. Curve “d”is for 6 = 90°.
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FIGURE 5. G, max for the MAA in which sy, = X/2, as a function of ¢. Curve
“a”is for & = 30°0r & = 150°. Curve “b”is for 6 = 45°0r § = 135°. Curve “c”
is for @ = 60°or & = 120°. Curve “d” is for 6 = 90°.
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FIGURE 3. G. as a function of ¢ for s, = A/2 and an excitation that
maximizes G, in the direction # = 90°and ¢ = 0°. Curve “@” is for § = 30°
or & = 150°. Curve “b”is for 6 = 45°0r § = 135°. Curve “c” is for 6 = 60° or
6 = 120°. Curve “d”is for & = 90°. Curve “e”is G2 max for 6 = 90°.
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FIGURE 6. G, as a function of ¢ for s, = X/2 and an excitation that
maximizes G in the direction & = 90°and ¢ = 0° Curve “a” is for 6 = 30°
or & = 150°. Curve “b” is for 6 = 45°0or 6 = 135°. Curve “c” is for 6 = 60°or
6 = 120°. Curve “d”is for 6 = 90°. Curve “€”is G, max for & = 90°.

. | ~ L
5 - 2 5 rl

: /N /N

: J/Z&3I\ /22

}/ N s N

-8

£ o AL/ f e\
A\ ) WA

! ! I

| l \

l '| l

/ A\ V4 N\
/i V/:

/

vy
f
!

o ED 135 120 2 270 E1H 360

FIGURE 4. G, as a function of ¢ for s, = X/2 and an excitation that
maximizes G, in the direction & = 90°and ¢ = 90°. Curve “a” is for 0 = 30°
or @ = 150°. Curve “b”is for § = 45°0r § = 135°. Curve “c” is for § = 60°or
6 = 120°. Curve “d" is for 6 = 90°. Curve “e” is Ganmax for @ = 90°.

We assume that Zg and Zj, are both equal to 75 2 times
the identity matrix of size 6 by 6.

Let (1, 0, ) be the spherical coordinates system associated
with the cartesian coordinate system (z,y, z).

For the first MAA, G, max is shown in Fig. 2, and G} \ax
is shown in Fig. 5, as a function of ¢, for different values of
0. We have to keep in mind that G, \ax is a value of G,
determined for an excitation that depends on the values of ¢
and 6. Likewise G nrax is a value of GG, determined for an
excitation that depends on the value of ¢ and 6.

For the first MAA, G, is shown in Fig. 3 for an excitation
that maximizes GG, in the direction § = 90° and ¢ = 0°, and
in Fig. 4 for an excitation that maximizes (G, in the direction
6 = 90° and ¢ = 90°. Thus, in the curves (a) to (d) of Fig. 3,
the same excitation has been used for all values of ¢ and 6,
and this excitation is such that G, = G, max in the direction

M/ - A\
15 1] a0 135 180 225 270 33 360
FIGURE 7. G, as a function of ¢ for s, = X/2 and an excitation that
maximizes G, in the direction & = 90°and ¢ = 90°. Curve “a” is for 6 = 30°
or & = 150°. Curve “b” is for 6 = 45°0r 6 = 135°. Curve “c” is for &6 = 60°or
6 = 120° Curve “d”is for & = 90°. Curve “e”is G, max for = 90°.

0 = 90° and ¢ = 0°. Likewise, in the curves (a) to (d) of
Fig. 4, the same excitation has been used for all values of ¢
and 0, and this excitation is such that G, = G, max in the
direction # = 90° and ¢ = 90°. We see that each curve
representing G,nvax for a given value of € as a function
of ¢ in Fig. 2 is an envelope of the curves that would, for
all possible excitations, represent G, for this value of 6 as
a function of . Furthermore, we also see that the surface
that would represent GG, vax as a function of 6 and ¢ would
be an envelope of the surfaces that would, for all possible
excitations, represent (=, as a function of 6 and ¢.

For the first MAA, G, is shown in Fig. 6 for an excitation
that maximizes G, in the direction # = 90° and ¢ = 0°, and
in Fig. 7 for an excitation that maximizes G, in the direction
0 = 90° and ¢ = 90°. Thus, in the curves (a) to (d) of Fig. 6,
the same excitation has been used for all values of ¢ and 6,
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FIGURE 8. G, nax for the MAA in which sy, = /4, as a function of . Curve
“a”is for & = 30°0r # = 150°. Curve “b”is for 6 = 45°0r § = 135°. Curve “c”
is for & = 60°0r & = 120°. Curve “d”is for 6 = 90°.
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FIGURE 9. G, as a function of ¢ for s, = X/4 and an excitation that
maximizes G, in the direction & = 90°and ¢ = 0°. Curve “a” is for 6 = 30°
or § = 150°. Curve “b”is for 6 = 45°0r & = 135°. Curve “c” is for 6 = 60°or
6 = 120°. Curve “d"is for & = 90°. Curve “e”is G» max for 6 = 90°.
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FIGURE 10. G, as a function of ¢ for s, = A/4 and an excitation that
maximizes G, in the direction 6 = 90°and ¢ = 90°. Curve “a” is for 6 = 30°
or @ = 150°. Curve “b”is for & = 45°0r § = 135°. Curve “c”is for & = 60°or
6 = 120°. Curve “d" is for 6 = 90°. Curve “¢” is Ganmax for @ = 90°.
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and this excitation is such that G, = G, ax in the direction
0 = 90° and ¢ = 0°. Likewise, in the curves (a) to (d) of
Fig. 7, the same excitation has been used for all values of ¢
and 6, and this excitation is such that G, = G,nmax in the
direction # = 90° and ¢ = 90°. We see that each curve
representing G yax for a given value of 6 as a function
of ¢ in Fig. 5 is an envelope of the curves that would, for
all possible excitations, represent G, for this value of 6 as
a function of (. Furthermore, we also see that the surface
that would represent G, pvax as a function of 6 and ¢ would
be an envelope of the surfaces that would, for all possible
excitations, represent G, as a function of 6 and .
Interestingly, the shapes of the curves of Fig 5 to Fig. 7
showing G vax and G, of the first MAA are significantly
different from the shapes of the corresponding curves of Fig 2
to Fig. 4 showing G,nax and G, of the same MAA. The
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FIGURE 11. G.wmax for the MAA in which s, = \/4, as a function of .
Curve “a” is for & = 30°o0r & = 150°. Curve “b” is for 6 = 45°0or 6 = 135°.
Curve “c”is for & = 60°or & = 120°. Curve “d” is for § = 90°.
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FIGURE 12. G, as a function of ¢ for sy, = X/4 and an excitation that
maximizes G, in the direction & = 90°and ¢ = 0°. Curve “a”is for & = 30°
or & = 150°. Curve “b” is for & = 45°0r § = 135°. Curve “c”is for & = 60°or
6 = 120° Curve “d”is for & = 90°. Curve “e”is G, max for & = 90°.
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FIGURE 13. G, as a function of ¢ for s, = X/4 and an excitation that
maximizes G, in the direction # = 90°and ¢ = 90°. Curve “a” is for 6 = 30°
or & = 150°. Curve “b” is for & = 45°0r § = 135°. Curve “c” is for § = 60°or
6 = 120° Curve “d”is for & = 90°. Curve “e”is Gy max for & = 90°.

reason is that the ratio of G, to GG, is a power transfer ratio,
which depends on the excitation [12]. If this power transfer
ratio did not depend on the excitation, the corresponding
curves would have the same shape.

Fig. 8 to Fig. 13 are about the second MAA, and they
correspond to Fig. 2 to Fig. 7 relating to the first MAA,
respectively. The above comments on Fig. 2 to Fig. 7 are ap-
plicable, mutatis mutandis, to Fig. 8 to Fig. 13, respectively.

Fig. 2 to Fig. 13 allow a quick comparison of some charac-
teristics of the MAAs. For instance, we see that the variations
of G,amax and G yax as a function of ¢ are larger for the
first MAA than for the second one. This seems related to the
fact that, for the first MAA and an excitation that maximizes
G, or G, in the direction # = 90° and ¢ = 90°, G, or
G, respectively, has two equal lobes in the horizontal plane
0 = 90°, shown in Fig. 4 and Fig. 7, respectively.
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Some information on the computation technique used to
obtain Fig. 2 to Fig. 13 is provided in Appendix B.

General results, applicable to both MAAs and others sim-
ilarly made of thin vertical cylindrical antennas, are obtained
in Appendix C. According to (71)—(78) of Appendix C, for
each of these MAAs:

o we have GaMIN =0 and Gr MIN = 0;
o Gamra, Gpamax(Upol) and Gpanmea(uper) can be
easily computed if G, pax 1S known; and
° Gr MEA» Gpr MAx(upol) and Gpr MEA (upol) can be eas-
ily computed if G pax is known.
Consequently, among the emission parameters listed in
Table 2, we have only plotted G, pax and Gy viax.
Also, we have not plotted any one of the reception param-
eters listed in Table 3, because:

o for the first and second MAAs, and others similarly
made of parallel thin vertical cylindrical antennas, we
have Aueqmin = 0m? and Ayeq vin = 0m? according
to (86) and (89) of Appendix C; and

« the other reception parameters can be easily computed
from the emission parameters, using (15)—(17), (19)—
(21) and the facts that the MAAs are reciprocal and
Zc = Zq, is symmetric.

VI. CHOICE OF EXCITATION VARIABLE
Up to now in this article, as in [2], the variable used to define
an excitation applied to the MAA during emission is the
column vector of the rms currents flowing into ports 1 to N
of the MAA, denoted by I4. As said in above in Section II,
I5 can take on any value lying in CV, because Z 4 exists.
To define the excitation applied to the MAA during emis-
sion, we can also use other excitation variables, for instance
any one of the excitation variables used in [7, Sec. [V-V]:

o the column vector of the rms open-circuit voltages at
ports 1 to N of the MGA, denoted by Vpg and such
that

Voc = (Za +Zg)la; (23)

o the column vector of the rms short-circuit currents at
ports 1 to N of the MGA, denoted by Igg and such that

Isc = (In + Z5'Za)IA , (24)

where 1 denotes the identity matrix of size NV by IV;
« the column vector of the rms voltages at ports 1 to [V of
the MAA, denoted by V, and such that

VA = ZAIA; (25)

o the column vector of the normalized rms incident volt-
ages at ports 1 to NV of the MAA, denoted by a and
defined for a specified choice of N arbitrary real and
positive reference resistances g1, ..., 70N, by [13]

172 Va+rola
a=r, "5,
where r( denotes the diagonal matrix of diagonal entries

—-1/2 . .
701,-..,ToN, and denotes the diagonal matrix of
diagonal entries 1//7o1,...,1/\/fon; Or

(26)

o the column vector of the rms power waves incident at
ports 1 to N of the MAA, defined for a specified choice
of N arbitrary complex impedances zg1, ..., 2on such
that ro, = Re(z,) is positive for any p € {1,..., N},
this column vector being denoted by & and given by [14]

—172 VA + zola

A=r, 5 , 27
where z( denotes the diagonal matrix of diagonal entries
201, .-, 20N, and ry /2 denotes the diagonal matrix of

diagonal entries 1//7o1,...,1/y/ToN-

The fact, mentioned in Section II, that Z is invertible was
used to obtain (24). Note that & may also be viewed as the
column vector of the rms pseudo-waves incident at ports 1 to
N of the MAA [15].

Let X denote one of the excitation variables Vog, Isa,
Va, IA, a, or a. We have

X=Cl,s, (28)

where C is a matrix of size N by N that depends on the
selected excitation variable X, as shown in Table 4.

TABLE 4. Some excitation variables X and associated matrix C.

Variable X C
Voa ZA +Zc
Isq 25" (Za + Zc)
Va Zx
I 1y
a vy /2 (Za +10)/2
a vy /2 (Za +20)/2

In Section II, we observed that Z 5 +Z is invertible. Since
we assumed that H(Zy) is positive definite, H(Za + 1)
and H(Za + z) are also positive definite, and it follows
from Lemma 1 of [16] that Zx, Za + ro and Za + zg
are invertible. Consequently, it follows from our assumptions
that all matrices C shown in Table 4 are invertible. Thus, any
one of the excitation variables Vo, Isa, Va, Ia, a, or acan
take on any value lying in C.

More generally, we now use X to denote an arbitrary
excitation variable that satisfies (28) in which C is an invert-
ible matrix of size N by N defining a change of excitation
variable from I, to X. Since C is assumed to be invertible,
the excitation variable X can take on any value lying in
CN. Table 4 is now a non-limiting list of possible excitation
variables X, showing the associated matrix C defining the
change of variable from I to X.

By [2, Eq. (8)] and (28), using the arbitrary excitation
variable X and the associated change of variable matrix C,
the average power received by the NV ports of the MAA is

Prpa = X" Drpa X, (29)
where we have used the positive definite matrix

Drpa = C Y H(ZA)C1. (30)

Copyright ©2025 by Excem
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In the special case where X = a, we also have [13]
Drpa = 1y — S84, (31

where S, is the scattering matrix of the MAA for the
reference resistances rg1,...,7oN-

By [2, Eq. (6)—(7)] and (28), using the arbitrary excitation
variable X and the associated change of variable matrix C,
the available power of the MGA is

Pavg = X" Dave X, (32)
where we have used the positive definite matrix
Dave =C " Zpva C (33)
In the special case where X = Vg, it follows from (3)
and (33) that )
Dave = H(Zg)™", (34)
which does not depend on the MAA.

In the special case where X = Ig(, it follows from (3) and
(33) that

1 _
Dave = 7 H(Ya) ™", (35)
which does not depend on the MAA.

In the very special case where X = a and Zg = ry, it
follows from (3) and (33) that

Dave = 1N, (36)

which does not depend on the MAA.

In a given direction, using the arbitrary excitation variable
X and the associated change of variable matrix C, it follows
from (6)—(9), (28), (30) and (33) that, if X # 0, we have

X* ./\/Ap(upol) X

a - B 7
Gpa(Upor) X+ Drpa X (37)
X* X
G = NaX (38)
X*Drpa X
_X Nap(Upor) X
Gpr(Upol) = —5 D X (39)
X* Ny X
G ==, 40
X*Daveg X 40
where we have used the positive definite matrices
Nap(tpo) = €71 Nap (1) € (41)
and
Ny =C 1*NC (42)

and where u,,,) is a given polarization vector used to specify
a given polarization. This allows us to assert that:

o since Nap(Upol)Drps and Nap(upor) H(Za)™! are
similar, they have the same eigenvalues and the same
trace, so that Gpamax (Upol) and Gpanea (Uper) can
be obtained from N ap, (Upol) Drpas

e since N, ADﬁé A and NoAH(Zy)™! are similar, these
matrices have the same eigenvalues and the same trace,
so that G, vax, Gamea and G, vin can be obtained
from Na D pas

Copyright ©2025 by Excem

o since Nap(Upol)Dave and Nap (Upor)Zy are simi-
lar, they have the same eigenvalues and the same trace,
so that Gprmax (Upol) and Gprmea (Uper) can be ob-
tained from Ny, (Upo1) Dy and

o since NV, AD;&,G and N 5 Z;\l,G are similar, they have the
same eigenvalues and the same trace, so that G, \ax,
G, mEA and G yn can be obtained from N, AD;\l,G.

Thus, we can assert that the choice of the variable used
to define the excitation in Section III had no effect on the
value of the emission parameters defined in Table 2. This
invariance under a change of excitation variable, like the
invariance under a change of experimental system considered
in [2, Sec. X], is an important property of these emission
parameters, that supports their relevance as fundamental
characteristics of an MAA.

The invariance under a change of excitation variable does
not imply that all possible excitation variables lead to iden-
tical computations. For instance, if we want to evaluate the
“reached” parameters of Table 1 or Table 2, it might be
advantageous to use X = Vpg or X = Igg, to take
advantage of the simplicity of (34)—(35).

The invariance under a change of excitation variable also
allows us to compare the emission parameters considered in
this article with the ones defined by other authors.

In [17, Sec. 4], a “realized gain” in a given direction is
defined for an MAA, using a vector of “incoming waves”
as excitation variable. This realized gain might be viewed
as a generalization of the realized gain defined in [18] for
a single-port antenna. By (36), this realized gain should be
identical to our reached gain G, if Zg = r(, where rg is the
diagonal matrix of the positive reference resistances used to
define the “incoming waves”. An “effective area” in a given
direction is also defined in [17, Sec. 4]. It does not correspond
to the definition of the absolute effective area stated above in
Section III.E, and cannot be viewed as a generalization of the
classic definition of an effective area for a single-port antenna
stated in [3]-[4] because it is not a ratio of an available power
at the NV ports of the MAA to a power flux density of an
incident wave. More precisely, we consider that [17, Eq. (37)]
is not correct, so that [17, Eq. (41)] is not correct either.
The correct relationships between the emission and reception
parameters of a reciprocal MAA are the ones stated above in
Section IV.D, which are not consistent with [17, Eq. (41)].

In [19, Sec. VII], a “realized gain” in a given direction
is defined for an MAA, and a “maximal realized gain” is
derived, using a vector of peak port voltages as excitation
variable. By (36), these realized gain and maximal realized
gain should be identical to G, and G \1ax, respectively, if
we assume Zg = r(, where ry is the suitable diagonal matrix
of positive reference resistances.

In [20, Sec. II1], a partial realized gain in a given direction
and along a given complex polarization vector is defined for
an MAA, and a maximum partial realized gain is derived,
using the vector a defined above as excitation variable. By
(36), these partial realized gain and maximum partial realized
gain should be identical to Gp;(upo1) and Gprmax (Upol)s
respectively, if Zg = rg, where ry is defined as in (26).
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Vil. EFFECT OF A PASSIVE LINEAR EMBEDDING

A passive linear embedding of the ports of the MAA is
shown in Fig. 14. It involves a passive and LTI inserted
network having 2 sets of ports, referred to as port set 1
and port set 2. Port set 1 consists of m ports numbered
from 1 to m, where m is a positive integer, and port set 2
consists of N ports numbered from 1 to N. When we say
that port set 1 is connected to an m-port device, we assume
that the ports of the m-port device are numbered from 1 to
m, and that, for any integer p € {1,...,m}, its port p is
connected to port p of port set 1 (positive terminal to positive
terminal and negative terminal to negative terminal). Port set
2 is connected to the MAA, that is to say: for any integer
g € {1,..., N}, port q of the MAA is connected to port g of
port set 2 (positive terminal to positive terminal and negative
terminal to negative terminal).

The MAA is now referred to as original MAA (OMAA) in
this Section VII. The passive linear embedding of the ports of
the OMAA creates a new MAA (NMAA) the ports of which
are ports 1 to m of port set 1. We want to discuss the emission
and reception parameters of the NMAA.

The NMAA has some interesting properties that directly
follow from the passivity of the inserted network:

e in a given direction and for a given polarization, the
maximum partial absolute gain of the NMAA is less
than or equal to the one of the OMAA, and the partial
absolute effective area of the NMAA is less than or
equal to the one of the OMAA; and

« in a given direction, the maximum absolute gain of the
NMAA is less than or equal to the one of the OMAA,
the absolute effective area of the NMAA is less than
or equal to the one of the OMAA, the mean absolute
equivalent area of the NMAA is less than or equal
to the one of the OMAA, and the minimum absolute
equivalent area of the NMAA is less than or equal to the
one of the OMAA.

We can arrange the ports of the inserted network in the
following order: port 1 to m of port set 1, and then ports 1 to
N of port set 2. Using this order of the ports, we now assume
that the inserted network has an impedance matrix, denoted
by Zin, of size (m + N) by (m + N). It may be partitioned
into four submatrices, Zn11 of size m by m, Zin12 of size
m by N, Zino1 of size N by m and Zinso of size N by NV,
which are such that

Z
Zin = ( IN11

Zin21  Zinoo

ZIN12> . (43)

The linear embedding is said to be lossless if and only
if the inserted network is lossless. We now assume that
the linear embedding is lossless, which is equivalent to
H(Zix) = 0, and also equivalent to

H(Zix11) =0, 44)
H(Zin22) =0 (45)
and
Zini2 = —Zinoy - (46)
10

(N+m)-port N-port
inserted network antenna array
port | port (MAA)
set 1 set2
n +port 1 ; port 1 * +port 1 \
n +p011 q pottp+ +p0rtp \
n Jrport m ; port N+ +poﬂ N \

FIGURE 14. A passive linear embedding of the MAA ports uses a passive and
LTI (N + m)-port inserted network to create a new m-port MAA.

The “lossless imbeddings” defined and studied in Section
2.2, Fig. 2.2 and Fig. 2.4 of [21] are special cases of the
lossless linear embedding of the MAA ports considered here.

H(Zy) being positive definite, it follows from (45) that
H(Za + Zyno2) is positive definite, and from Lemma 1 of
[16] that Z 5 + Z1n2o is invertible and H ((Za + Zn22) 1) is
positive definite. Thus, we find by inspection that the inserted
network has a current gain matrix from port set 1 to port set 2,
which is given by

Gunet = (Za + Zinz2) ' Zina (47)

and satisfies
In = Gonot Ina s (48)

where Ina is the column vector of the rms currents flowing
into ports 1 to m of the NMAA (which are ports 1 to m of
port set 1). Hence, we find by inspection that the NMAA has
an impedance matrix given by

Zxa = Zint1 — Zini2(Za + Zing2) Zinor . (49)

Consequently, Ixa can take on any value lying in C™.
Using (46) in (49), we find

Zxa = Zini1 + Zinoy (Za + Zing2) " Zinor - (50)
Using (44) and (50), we get
H(ZxA) = Zingy H((ZA + Zin22) ') Zina1 - (5D

It follows from (51) that H(Zya) is positive semidef-
inite because H((Za + Zin22)~ ') is positive definite. It
also follows from (51) and the rank-nullity theorem that, if
rank Zina1 = m, then H(Zx 4 ) is positive definite. Thus, the
theory presented in Section II to Section VI is fully applicable
to the NMAA if rank Zin21 = m.

Since the inserted network is lossless, for any Iny € C™
the average power I3, H(Zna ) Ina received by the NMAA
is equal to the average power IX y Giinoy H (Za) GrinaiIna
received by the OMAA. Accordingly, by [22, Sec. 4.1.P6],
we may conclude that

H(Zxa) = Giino1 H(ZA) Grina: - (52)

Copyright ©2025 by Excem
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We say that the lossless linear embedding is invertible if
and only if m = N and rank Zin2; = m. This is because
in this case Zn2; is square and invertible, hence it follows
from (47) that Gino; is also square and invertible.

As regards emission by the NMAA, we assume that port
set 1 is connected to an m-port generator. If rank Zin2, = m,
transposing (6)—(7) to the NMAA and using (52), we find
that, in a given direction, if I4 # 0, then the partial absolute
gain of the NMAA for the polarization vector up is

INa Glinet Nap(Upot) GrinziIna

G/ (Wpot) = (53)
paltpol) XA Gline1 H(Za) GrinaiIna

and the absolute gain of the NMAA is

Q= INaGiings Na GrnanIna
Y IaAGiine1 H(Z4) GrnaiIna

If the lossless linear embedding is invertible, C = G\,
defines a change of excitation variable of the OMAA, from
IA to Ina. Thus, for the OMAA, (37) and (38) are applicable
with X = Ina. Using (30) and (41)-(42), we find that, for an
invertible lossless linear embedding: the right-hand sides of
(37) and (53) are equal; and the right-hand sides of (38) and
(54) are equal.

Accordingly, for an invertible lossless linear embedding,
we can use the invariance under a change of excitation
variable to assert that:

(54)

e in a given direction and for a given polarization, the
maximum partial absolute gains of the NMAA and
OMAA are equal, and the mean partial absolute gains
of the NMAA and OMAA are equal; and

e in a given direction, the maximum absolute gains of the
NMAA and OMAA are equal, the mean absolute gains
of the NMAA and OMAA are equal, and the minimum
absolute gains of the NMAA and OMAA are equal.

As regards reception by the NMAA, we assume that port
set 1 is connected to an m-port load having an impedance ma-
trix Zy,na such that Zyna = Z3 4, so that this m-port load
receives the available power of the NMAA because H(Zn )
is positive semidefinite and [23, Eq. (7)] is applicable in this
case. By (50), we have

Zina = Zixiy + Zinot (ZA + Zings) " Zinor - (55)

We now assume rank ZiNz; = m to ensure that H(Zna)
is positive definite, so that H(Zrna) is positive definite
because Zyna = Zi - Thus, H(Zina + Zini1) is positive
definite by (44). It follows from Lemma 1 of [16] that
Z1,xa +ZiN11 1s invertible. Using (46), we find by inspection
that the impedance matrix seen by the OMAA is

Zy, = Zinoo + Zino1 (Zixa + Zinit) "t Ziner - (56)

If the lossless linear embedding is invertible, Zn9; is
square and invertible, and we can use (44)—(45) and (55) in
(56) to obtain Zj, = Z7} . Thus, under our assumptions, the
available power at the ports of the NMAA during reception,
is equal to the available power at the ports of the OMAA
during reception.
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Accordingly, for an invertible lossless linear embedding,
we can assert that:

o in a given direction and for a given polarization, the par-
tial absolute effective areas of the NMAA and OMAA
are equal; and

o in a given direction, the absolute effective areas of the
NMAA and OMAA are equal, the mean absolute equiv-
alent areas of the NMAA and OMAA are equal, and the
minimum absolute equivalent areas of the NMAA and
OMAA are equal.

We have established an invariance of the maximum partial
absolute gain, mean partial absolute gain, maximum absolute
gain, mean absolute gain, minimum absolute gain, partial
absolute effective area, absolute effective area, mean absolute
equivalent area and minimum absolute equivalent area under
an invertible lossless linear embedding.

This invariance under invertible lossless linear embedding
clarifies the effect of an invertible lossless linear embedding
of the MAA ports. While leaving the invariant parameters
unchanged, it may be used to modify other properties of the
MAA, such as the impedance matrix, the partial absolute gain
patterns for particular excitations, the absolute gain patterns
for particular excitations, and the patterns of the parameters
of Table 1 to Table 3 that include “reached” in their names.

We have not assumed that the inserted network is recipro-
cal. If the inserted network is reciprocal, Zn is symmetric
and Ziy is imaginary because H(Zin) = 0. An invertible
lossless linear embedding implementing a reciprocal inserted
network can be designed to provide decoupling and match-
ing, that is to say a wanted diagonal Zya, and predefined
radiation patterns for each single-port excitation [24, Sec. II].

Viil. CONCLUSION

We have studied the parameters of Table 1 to Table 3 in the
case of a simple 6-port MAA, and highlighted the fact that,
in a given direction, G, pax and G yax may be viewed as
envelopes of values of G, and G|, respectively.

Invariance is a fundamental concept in physics. We proved
the invariance of the parameters of Table 2 under a change
of excitation variable, and the invariance of some of the
parameters of Table 2 and Table 3 under an invertible loss-
less linear embedding. These invariance properties, like the
invariance under a change of experimental system considered
in [2, Sec. X], are important properties. Together with the
relationships (15)—(22) for a reciprocal MAA, they prove the
relevance of the definitions of Section III to the characteriza-
tion of an MAA for emission and reception.

APPENDIX A

In the direction of a real wave vector k, a wave polarization
may be specified using a polarization vector U1, which is
a dimensionless complex unit vector. The polarization vector
is orthogonal to the given direction, so that k - upo = 0. In
[2, Sec. IV], the polarization vector was described as being
“of the given wave polarization”. Unfortunately, it became
apparent that the wording “of the given wave polarization” is
vague and ambiguous.

11
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This Appendix A clarifies the definition of the polarization
vector U, used in [2] and in this article, and takes this
opportunity to correct a wrong statement of [2, Sec. IIL.E]
about the polarization mismatch factor.

In a specified direction and for a specified polarization
vector Uy that is orthogonal to the specified direction, we
consider a reciprocal single-port remote antenna located at
a large enough distance rg of the MAA in the specified
direction, the single-port remote antenna being such that its
vector effective length in the direction of the MAA, denoted
by hgr, is nonzero and satisfies [2, Eq. (34)], that is to say:

hgr,
|[hr1||

This single-port remote antenna is used to define all “par-
tial” parameters of the MAA in the specified direction:

(537)

Upol =

(a) the partial absolute gain Gpa(Upor), its maximum value
Gpanax (Uper) and its mean value Gpa MEA (Upol);

(b) the partial reached gain Gp,(upo), its maximum value
GprMax (Upol) and its mean value Gy Mea (Upol);

(c) the partial absolute effective area A, (up01); and

(d) the partial reached effective area A, (upo1).

We observe that, up, lying in a plane orthogonal to the
specified direction, an orthogonal basis of this plane is such
that the coordinates of u,, in this basis form the normalized
complex Jones vector of the electromagnetic field that would
be produced in the direction of the MAA, at a large distance
of the MAA, by the single-port remote antenna operating in
free space [25, Sec. 8.13.2].

In the case of the partial parameters for emission listed in
(a) and (b), the single-port remote antenna is used to measure
an electric field Eagr produced by the MAA; Gpa(upor) is
determined by

2
drry

Gpa(Upol) = 612)01 ||EARH2’ (58)

1 Parp1

where Parpi is the average power received by the ports of
the MAA and

|hgri - Ear|

€pol = T (59)
P gl [Earl
and G, (uper) is determined by
4mrE
Gpr(Upor) = 77PA7A131G exor [|IBEarl®, (60)

where Paavg is the available power of the MGA coupled to
the ports of the MAA.

In contrast to what is said in [2, Sec. III.E], the polarization
mismatch factor [18], [26, Sec. 5.2], [27, Sec. 16.5] of the
single-port remote antenna is eiol.

In the case of the partial parameters for reception
Apa(upor) and Ap(uper) in the specified direction, the
single-port remote antenna is used to generate an electric field
Epy received by the MAA; by [2, Eq. (31)] and (57), there
exists a complex number £pg, such that

Ego = {Bo upol (61)

12

¢po having the dimensions of electric field; Ap,(upor) is
given by

Pgava
|[Egol[?”

Apa(Upol) =1 (62)
where Ppaya is the available power of the MAA; and
Apr(uper) is given by

Pgpp1

Apr(Upol) =17 m )

(63)
where Pppp; is the average power delivered by the ports of
the MAA to the MLA.

All partial parameters of the MAA in the specified direc-
tion are independent of the choice of the reciprocal single-
port remote antenna that satisfies (57). We see that the word-
ing “of the given wave polarization” in [2] actually means
that we use a reciprocal single-port remote antenna satisfying
(57) to define all partial parameters of the MAA for the
specified u;, and the specified direction.

We also note that, for any o € R, replacing the polarization
vector uy,, with a polarization vector uéol = ejaupol does
not change any of the partial parameters of the MAA in the
specified direction.

Now, it follows from the discussion of the Cauchy-
Schwarz inequality for positive definite hermitian sesquililear
forms, at the end of Appendix A of [2], and from (57)-(60),
that each of the partial parameters for emission listed in (a)
and (b) is maximized if ;. is chosen in such a way that
there exists a complex number £xr having the dimensions of
electric field, £ar being such that

Ear = {ar Upol » (64)

where the vector U, is the conjugate of the vector up.

In the International Electrotechnical Vocabulary, part 712
relating to single-port antennas, the polarization of an an-
tenna (in a given direction) is defined as “that polarization
of the wave radiated by an antenna in the far field region and
in a specified direction”, and the receiving polarization (of an
antenna, in a given direction) is defined as “that polarization
of a plane wave of given power flux density incident from
a specified direction, which results in maximum received
power at the antenna terminals, for that direction” [3]-[4].
Similar definitions are included in [18]. Accordingly, (57)
and (61) tell us that u,, indicates the polarization of the
single-port remote antenna. In contrast, the condition (64) for
the maximization of the partial parameters for emission listed
in (a) and (b) shows that u,, need not correspond to the
receiving polarization of the single-port remote antenna. This
fact might at first glance look unexpected from a polarization
vector uy,, defined as being “of the given wave polarization”.
This is why, at the beginning of this Appendix A, the wording
“of the given wave polarization” was said to be vague and
ambiguous.

However, like (61), (64) is a direct consequence of the fact
that we use a reciprocal single-port remote antenna satisfying
(57) to define all partial parameters of the MAA for the
specified u,,,) and the specified direction.

Copyright ©2025 by Excem
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APPENDIX B

This Appendix B provides a short explanation on the sim-
ulation results presented in Section V about an array of six
center-fed cylindrical dipole antennas. They are excited by a
delta-gap source when they are used for emission.

The simulation are obtained using a method-of-moment-
based program implementing the computation technique pre-
sented in [26, Ch. 2]. According to this approach, we solve
Hallén integral equation, and the numerical solutions are
obtained using Lagrange polynomials of order 2 for the basis
functions, and point-matching.

Between points belonging to the same dipole antenna, we
implement an accurate approximation of the exact thin-wire
kernel proposed in [27, Sec. 24.7]. A part of the kernel,
comprising all ill-behaved terms, is integrated exactly using
known primitives, the other terms of the kernel are integrated
numerically. Between points belonging to different dipole
antennas, we implement the same approximate thin-wire
kernel as the one used in [26, Ch. 2].

We use 32 basis functions for each dipole antenna. Using
the symmetry with respect to the plane z = 0, we only have
to invert a matrix of size 96 by 96 to evaluate the current
distributions in each MAA of Section V. They are used to
obtain an impedance matrix of size 6 by 6, and hy = hp
of size 3 by 6 as a function of the angles 6 and ¢, for
each of these MAAs. The impedance matrix is very close
to a symmetric matrix. To enforce an exact reciprocity, the
symmetric part of this matrix is assumed to be equal to Z 5 .

APPENDIX C

This Appendix C is about some properties of MAAs made
of N thin vertical cylindrical antennas, such as the MAAs
considered in Section V and shown in Fig. 1.

Let Bs = (u,,uy,u,) be the local orthonormal basis of
the spherical coordinate system (r, 8, ). For the MAAs con-
sidered here, the currents flowing anywhere in the antennas
are vertical. It follows that, in every direction, using the basis
Bs, only the second row of hs contains nonzero entries, so
that we can for instance write

0 0 0 0 0 0

ha = | ha21 haze hass hazs hazs hass | (65)
0 0 0 0 0 0

in the case N = 6 of Section V.

We have rankha < 1, and, by (1), rank N, < 1. Let
hay be the column vector such that h}y is the second row
of ha, that is

0
hy = [ hly |. (66)
0
It follows from (1) that
ﬂ- [
Ny = 37 havhly. (67)

where hay is the conjugate of hay. Since

]'ngolhA = (Llpol)Q hXV = (Upol - ug) hXV ) (68)

Copyright ©2025 by Excem

it follows from (5) that

T JEE—
Nip(tpor) = 5 [por - wol Bavhly  (69)
and from (67) that
NAp (upol) - |upol : 'ng|2 NA . (70)

Using rank N4 < 1 and (70), we obtain:

Gamax

GaMEA = N (71)

(N>1) = (Gamin =0) , (72)

Gpamax (Upol) = [Upol - Ug|* Ganax (73)

Gpamea (Upol) = [Upol - U] Ganvipa (74)

G = S7X a5)

(N>1)= (Grvmixn =0) , (76)

Gprmax (Upol) = [Upor - ug|? Graax (77)

and

GpeMEA (Upol) = [Upol - Ug|? Grmpa - (78)

The MAAs considered here being reciprocal, we have
hp = hjy, so that

h’}g Upol = (upol : u0) hay (79)

and
hgP = (hay 0). (80)

Using (79) in (10) and (13), we get
Apa(upol) = g [upor - u9|2 hjy H(ZA)_l hav (1)
and
Apr(upor) = 1 [upor-ug|* Wiy YA, H(ZL)Yarhav . (82)
Using (80) in (12) and (14), we get the 2 by 2 matrices

hi H(Zs) 'h 0
Np, = Z( AvH( 6*) AV 0) (83)
and
Np: = 1 <hAvYALH(0ZL)YALhAV 8) ’ 84)

which are diagonal. It follows from (81)—(82), or from (83)-
(84), that

Ay = Z hiw H(Za) 'hay | (85)
Aaeq MIN — 0 1’I12 ) (86)
1
Aaeq MEA = 5 Aa ’ (87)
Ay = nhiy YA H(Zr)Y arhav (88)
Areq MIN — 0 m2 (89)
and ]
Areq MEA — 5 Ar . (90)
13
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